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Abstract 

The formulation of gravity theory is considered where space-time is a 4-dimensional 
surface in flat ten-dimensional space. The possibility of using the ’’external” time (the 
time of ambient space) in this approach is investigated. The transition to the ’’external” 
time is realized with the help of partial gauge fixing, the coordinate condition which 
equates the timelike coordinate of the surface and time of the ambient space. It is shown 
that by using such a gauge condition in the action, the loss of any equations of motion 
does not take place, although it can happen in the general case. A version of the canonical 
formalism of the theory is studied in which certain additional constraints are imposed, 
providing the equivalence of the approach under consideration and general relativity. The 
corresponding first-class constraint algebra is obtained. It is proved that using the gauge 
directly in the action leads to the same result as gauge fixing in the constraint algebra, 
despite the artificial introduction of some of the constraints into the theory. Application 
of the ’’external” time may be useful for attempts to quantize the theory as well as for 
studies in embedding theory where 4-dimensional surfaces fill the whole ambient space 
and coordinates on the surfaces are not introduced. 
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1 Introduction 


Embedding theory is an alternative approach in describing gravity. In this approach, our 
4-dimensional space-time is not considered as an abstract Riemannian space but as a 4- 
dimensional surface in flat ambient space of larger dimension (multidimensional Minkowski 
space). Then the dynamic variables describing the gravitational held are not the components 
of the metric but the embedding function y°'{x°‘) that determines the surface (here and 

henceforth //, i/,... = 0,1, 2, 3, a, 6,... = 0,1,..., A^ — 1,where N is the number of ambient space 
dimensions). According to Friedmann’s theorem which generalizes the Janet-Cartan theorem 
to pseudo-Euclidean spaces, for a space of signature (1, 3) with an arbitrary analytic metric to 
be locally represented as such a surface, one should take N > 10, and the signature of ambient 
space-time must have the form (r, N — r) with 1 < r < — 3 (see, e.g., m)- Thus, without 

restricting the generality from a local viewpoint, it is sufficient to use an ambient space with 
= 10 and r = 1, i.e., with one timelike direction (we will use the signature -I— ...—). 

Such a choice is preferable from a physical viewpoint because the existence of a few timelike 
directions complicates interpretation of the results of the theory, especially if we further pass 
on to a certain held theory in the ambient space |2]. One should, however, note that when 
constructing explicit embeddings of physically interesting solutions to the Einstein equations, 
one also uses some versions of the ambient space with r > 1, i.e., with a few timelike directions. 
This can happen, in particular, if a certain symmetry of the surface is assumed (see examples 
in |3]) or if a global nature of the embedding is required, i.e., its smoothness at all points 
including the horizons (see examples in |1]). 

The metric is expressed in terms of the embedding function according to the induced metric 
formula 


g^^{x) = d^y'^{x)d^y\x)gab, ( 1 ) 

where gab is the hat metric of the ambient space, see [T]. 

For the hrst time, a description of gravity, similar to the approach of string theory, in the 
form of a theory of a 4-dimensional surface in 10-dimensional space with the signature (1,9) was 
suggested in [5] and discussed in |H]. Later on, the idea of embedding in hat space was repeatedly 
used for the description of gravity [THU]. It is of interest to note that in HIE] this idea has 
emerged independently. Studies in the embedding theory are also being continued in the recent 
years dMi]. It is worth noting that the approach of embedding theory is essentially diherent 
from brane theory which has recently become popular |T8] in that in embedding theory the 
ambient space is hat and does not contain gravity. 

In the framework of the idea of space-time embedding in hat ambient space, there are also 
attempts to connect the quantum ehects in space-time and in the ambient space [T91ET] (see 
also the list of references in [21]), and for this purpose explicit embeddings of physically relevant 
solutions to the Einstein equations are built, see, e.g., [3llll|22l[23] as well as references in |1]. 
A detailed, although somewhat obsolete list of references connected with embedding theory 
and related issues can be found in the review paper [23]. A formalism convenient for making 
calculations in embedding theory is presented in detail in the book [25] . 

A description of gravity in the framework of embedding theory may turn out to be useful 
in attempts to build a quantum theory of gravity because in this approach a hat space emerges 
in a natural way. Many problems appearing in attempts of quantization of gravity in terms 
of the metric (presented, for example, in the review [25]), emerge because we try to apply the 
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quantization procedure, which has been quite successful in held theory in hat space, to the case 
where the dynamic variables are the geometric characteristics of space and it is these quantities 
that should be quantized. 

In particular, one of the important problems is the problem of choosing time. Since in the 
framework of a general covariance symmetry the theory is invariant under time reparametriza- 
tion, the Hamiltonian of the theory reduces to a linear combination of the constraints (see the 
Arnovitt-Deser-Misner (ADM) formalism [27]), and, as a result, in the Schrodinger picture the 
state vector does not change with time. It is usually supposed that this indicates that the role 
of ’’physical” time should not be played by the coordinate x°but some other quantity, however, 
a satisfactory method of building such a quantity in the framework of GR is unknown in the 
general case. Since embedding theory is formulated in Minkowski ambient space, its timelike 
coordinate y°can play such a role in this formulation of gravity. 

One more problem is a formulation of the causality principle in gravitation theory. In 
quantum field theory the causality principle usually means that the operators corresponding 
to regions separated by a spacelike interval should commute. In the usual formulation of 
gravitation in terms of the metric is hard to formulate such a principle because the 

interval between points is determined by the metric which itself is an operator. Therefore, for 
a given pair of space-time points, it is not possible in an absolute sense, i.e., independently of 
the state vector, to say by which kind of interval they are separated. However, if one describes 
gravity in the framework of embedding theory, one can build a variant of the theory in the 
form of a field theory in ambient space, and then causality can be defined in the usual way 
for quantum field theory. Such a variant of embedding theory has been suggested in [2]. In 
this ’’splitting theory”, a field specified in the ambient space describes a set of noninteracting 
4-dimensional surfaces, and each of these obeys the same equations as in embedding theory and 
can be considered as our space-time. 

To perform canonical quantization of the theory, it is necessary to formulate it in a canonical 
(Hamiltonian) form. For embedding theory (and therefore for the splitting theory) it turns out 
to be a complicated problem. If one takes, as is usually done in embedding theory, the action in 
the Einstein-Hilbert form, substituting there the metric in the form ([T]), then it will contain time 
derivatives of higher than the first order. The Hamiltonian formulation in this case requires 
using some special methods, and this approach was developed in [8l|28]. However, one can 
notice that, rejecting the surface terms in the action, one can bring it to a form which does 
not contain higher than the first-order time derivatives. In this case, the canonical formalism is 
developed in the usual way, but either some of the constraints cannot be written in an explicit 
form [22], or they can only be written by introducing additional variables, which leads to the 
emergence of second-class constraints [T2]. Some results in quantization of embedding theory 
have been obtained in [T21I30] . 

The opportunity to simplify the canonical formalism of embedding theory, simultaneously 
solving the problem of extra solutions (the equations of embedding theory can lead to some 
other, ’’extra” solutions in addition to those of the Einstein equations, they are discussed 
in [Tll[T6l[3T|,[32] ) was noticed as early as in [5]. To this end it is necessary, in addition to the 
constraints emerging in the canonical formalism, to impose ad hoc four more constraints, the 
socalled ”Einsteinian” constraints (4 of the 10 Einstein equations). As a result, there emerges 
the Regge-Teitelboim formulation of gravitation which turns out to be equivalent to Einstein’s. 
The canonical formalism of this theory with ’’internal” time x° was built in [T31I33]. It was 
found that the Hamiltonian of the theory reduces to a combination of eight constraints (four 
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of which are the additionally imposed ”Einsteinian” constraints), and for these constraints, 
the corresponding algebra of first-class constraints was built. A relationship was also revealed 
between this algebra and the algebra describing general relativity (GR) in the ADM approach 

m- 

The purpose of the present paper is a study of the ’’external” time (y°) canonical formalism 
for formulation of the Regge-Teitelboim gravitation theory. To that end, it is necessary to pass 
over from the description of the surface by the embedding function to its description by 

the function x*) (here and henceforth i, k, ... = 1,2,3 and A, B,... = 1,... ,9), specifying 

the dynamics by the time y^ of the threedimensional section of our space-time. This transition 
reduces to imposing the condition 


y\x-) = x°, (2) 

which partly fixes the generally covariant arbitrariness of the coordinate choice on the surface, 
which is partial gauge hxing. The transition from the ’’internal” time x'^ chosen arbitrarily to 
the ’’external” time y^ of Minkowski ambient space seems natural from the viewpoint of time 
choice at quantization. Besides, such a transition turns out to be an intermediate step on the 
way to the construction of the canonical formalism for the above-mentioned splitting theory 
suggested in [2]. This is the case because the splitting theory describes the set of surfaces, 
each of these corresponding to the single surface of embedding theory but describes them in a 
coordinate-free manner (the coordinates x^ on the surfaces are not introduced), so that in the 
canonical formalism one can use only the time of ambient space. 

In Section 2 of the present paper we consider examples of simple theories in which gauge 
fixing in the action can both change and leave unchanged the equations of motion; we show how 
the canonical descriptions of the full theories and theories with a fixed gauge are connected. 
In Section 3 we study the influence of using the condition ([2]) in the action on the equations of 
motion in embedding theory. Section 4 is devoted to the construction of a canonical description 
of the Regge-Teitelboim formulation with ’’external” time, while in Section 5 we calculate the 
constraint algebra of such a theory. In Section 6 the results obtained are compared with the 
canonical formalism with ’’internal” time obtained in [Tll|33]. It is not easy to establish a 
relationship between these two formalisms a priori without performing complete calculations 
because they are not constructed in a totally standard way from the action, and in the process 
of construction, the Einsteinian constraints are additionally imposed. 


2 Examples of gauge fixing in the action 

2.1 A gauge that changes the theory 

Consider an example of a theory in which gauge fixing in the action changes the equations of 
motion. Consider the action of free electrodynamics 

^ = -\j- d,A,. (3) 

The equations of motion have the form 

= 0. (4) 
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Note that these four equations are connected by the differential identity = 0. Let us 

write down the canonical formalism which is well known for this theory. We have the generalized 
momenta tt* = Fq,, tto = 0, which create the primary constraint 0i = tto ~ 0 (here and in 
what follows the sign denotes a ’’weak” equality which cannot be used before calculating all 
Poisson brackets). Having written the expression for the Hamiltonian and hnding the secondary 
constraint 02 = diHi ^ 0, we hnally hnd the generalized Hamiltonian of the theory in the form 


H 



+ -^FikFik + Ai0i + X2(, 


(5) 


where Ai 2 are the Lagrange multipliers. The constraints 0i and 02 form the system of hrst-class 
constraints since their Poisson brackets are zero. 

Now let us use the gauge Hq = 0 in the action, after which it takes the form 


5 



2(^oA)(^oA) ~ -^FikFik 


( 6 ) 


Varying it in the remaining variables Hj, we obtain the new equations of motion 


d^F^^^ = 0, 


(7) 


and their number is smaller that in (Ill) by one. Thus it is evident that in this example gauge 
hxing in the action leads to a nonequivalent theory in which one of the equations has been 
lost. One can note that because of the differential identity that connects equations (01) the lost 
equation reduces to a condition for the initial data, which, having been imposed, is conserved 
due to the remaining equations of motion (see an analysis of this example in [33]), nevertheless, 
the theory ([6]) turns out to be nonequivalent to the theory ([3]). 

Let us write down the canonical formalism for the theory (I6|). For the generalized momentum 
we have vr* = constraints are absent, and for the Hamiltonian of the new theory we hnd 


hfjiew 


d^x ( 


( 8 ) 


Let us now look what happens if in the full theory ([3]) now in the Hamiltonian formalism, we hx 
the gauge by introducing it as the additional condition y = Hq ~ 0. Since the Poisson bracket 
of the constraints {0i,x} 7^ 0) these are second-class constraints, and they can be solved by 
expressing with their aid the pair of conjugated variables Aq,7Tq in terms (in the general case) 
of other variables in the hrst-order Lagrangian [3Tj : 


Ao=0,7ro=0 

= jd^x (^idoAi - -h ^FikFik + A202^ ^ , (9) 

whence we hnd the expression for the Hamiltonian of the full theory ([3]) with the eliminated 
pair of variables: 

= + + ( 10 ) 


= ( £x {TiodoAo + TTidoAi) - H 
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As we see, in the present case the Hamiltonian describing the full theory does not coincide with 
the Hamiltonian of the new theory ([H]), and the difference consists in the term containing the 
constraint (j )2 with the Lagrange multiplier. It is this constraint that forms the lost equation of 
motion that distinguishes (jl]) from ([7]). 

The above example shows that gauge hxing in the action leads in the general case to a 
changed theory, unlike gauge fixing in the equations of motion or in the Hamiltonian formalism 
by introduction of additional conditions. However, in some cases gauge fixing in the action can 
also leave the theory unchanged, and the corresponding example is considered in Section 2.2. 

2.2 A gauge that does not change the theory 

Let us now consider an example of a theory in which gauge fixing in the action does not change 
the equations of motion. Consider the action of a relativistic particle 

S = - jdr^ x^{t) = (11) 

We note that this theory has much in common with the description of gravity in embedding 
theory. The equations of motion due to the action (fTTD have the form 

= 0 , , ( 12 ) 

These four equations are connected by the algebraic identity = 0. Let us write down 

the canonical formalism, well known for this theory. We have the generalized momentum 
= —Ufj,, which creates the primary constraint (j) = — 1 0. It is easy to verify that the 

Hamiltonian for this theory turns out to be zero as it is for any theory symmetric with respect 
to time reparametrization, while the generalized Hamiltonian reduces to a term containing a 
constraint with the Lagrange multiplier: 


H = Xcj). (13) 

Let us now use a gauge in the action: the coordinate condition x°(r) = r, which identihes the 
particle’s time (’’internal” time, compare with (|2])) with the time of Minkowski space (’’external” 
time). As a result, the action takes the form 
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j dry/l — i:*(r)x*(r). 


(14) 


Varying it in the remaining variables a:*, we obtain the new equations of motion 


d / X* \ 

dx VVl — x^x^) 


0 , 


(15) 


which coincide with three of the four equations fll2p .while the fourth equation has been lost. 
However, in this case, unlike the one considered in Sec. 2.1, because of the algebraic identity 
that connects Eqs. flT2|) and the condition ^ 0 this lost equation turns out to follow from the 
other three. Indeed, from ffT^ it follows that the quantity x^x^ does not depend on r, hence 
immediately follows the validity of Eq. flTT]) at p = 0. 
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Thus, in this example, gauge hxing in the action leaves the theory unchanged, leading to the 
same equations of motion. This fact can also be explained from a geometric viewpoint. Indeed, 
the equations of motion follow from the requirement that variation of the action vanishes at 
small variations 6x^{t) of the independent variable. However, since the form of the action 
flTT]) requires that the vector u^, tangent to the particle world line should be timelike at each 
point, an arbitrary small deformation of the particle world line may be provided by a variation 
in which hx°(r) = 0. It is therefore unimportant whether the variable x°(r) is varied 
or not varied due to gauge hxing in the action. Precisely the same situation takes place in the 
description of gravitation in the framework of embedding theory, whose equations of motion 
are analyzed in Section 3. 

Consider the well-known canonical formalism for the theory ffTT|) . Writing down the ex¬ 
pression for the momentum pi and making sure that there emerge no constraints, it is easy to 
obtain the expression for the Hamiltonian 

Hnew ^/l “ 1 “ PiPi' (16) 

Let US now look what happens if, for the full theory flTTl) . now in the Hamiltonian formalism 
we hx the gauge by introducing it as the additional condition y = — r ~ 0. Since the 

Poisson bracket of the constraints {(p, y} 7 ^ 0, these are second-class constraints, and they 
can be solved by expressing, with their aid, the pair of conjugated variables x^,Pq in terms of 
other variables in the hrst-order Lagrangian (herewith for po one should take the negative value 
because po = —< 0 at = r): 

L(i) = + p-x^ - H) = pix^ - = PiX^ - H, (17) 

from which we hnd that the expression for the Hamiltonian H of the full theory flTT]) with the 
excluded pair of variables coincides with the Hamiltonian of the new theory (ITHll . 

Thus in the above example the canonical formalism emerging after gauge hxing in the action 
can be obtained as a result of gauge hxing in the canonical formalism of the full theory and by 
introduction of an additional condition. For the Regge-Teitelboim formulation of gravity, one 
cannot be sure about a similar result because it does not directly follow from the action but 
emerges after additionally imposing the Einsteinian constraints in the process of building the 
canonical formalism. 


3 The equations of motion using ’’external” time 

Let us hnd out whether the equations of motion of embedding theory will change if we use the 
’’external” time as time in our dynamics, i.e., impose the condition (| 2 ])in the action. As the 
action of the embedding theory, we take, as is usually done, the Einstein-Hilbert action 

S' = y d^x^/—gR, (18) 

in which we substitute the induced metric ([T]). Varying this action with respect to the embed¬ 
ding function y°'{x), we can obtain the equations of motion of the theory, the Regge-Teitelboim 
equations [S], having the form 




a 

(lU 


0, 


(19) 
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where is the Einstein tensor, 6“^ = is the second fnndamental form of the snrface, 

and is the covariant derivative (see the details about the formalism of the embedding theory 
and the notations used in [HIES])- Note that Eqs. flT^ can contain, besides the solutions to 
the Einstein equations, some ’’extra” solutions, they are discussed in [T3l[l6l[3Tl|32]). 

In Section 2 we have shown that gauge hxing in the action may both change the equations 
of motion and leave them unchanged. Let us hnd out which of these variants is realized when 
using the condition (E]) in the action of the theory flTS]) . that is, whether or not Eqs. flT^ . will 
change in this case. Equating to zero the variation of the action under an arbitrary variation 
of y^{x) and under the condition (j2]): 

= - j d^x ^ = - jd^x^ {e^,Adudy^ + e^^Ad^dy^) = 0 ( 20 ) 

(here = 9^2 /a), one can obtain the equations of motion in the theory with ’’external” time 
in the form 

= 0 . ( 21 ) 

These are nine of the ten Regge-Teitelboim equations flT^ . 

At hrst sight, the theory with ’’external” time turns out to be nonequivalent to the original 
one because one of the equations is lacking. However, it is not the case since the lacking 
equation 


6 ® = 0 ( 22 ) 

(the index ”(0)” is here written in parentheses to designate that it is the zeroth component of 
a 10- dimensional rather than 4-dimensional quantity) follows from the other equations fl?I|) . 
This can be proved by contradiction. Let Eqs. fl?ID be satished but not Eq. fl2^ . Then the 
vector u°‘ = has only the zeroth component, hence it is timelike. However, it is known 

(see, e.g., m), that for any vector tangent to a surface, holds the equation = 0, 

consequently, = 0, i.e., the vector is orthogonal to the surface. Since we assume that 

the ambient space contains only one timelike direction, and at each point of the surface there 
is a timelike vector tangent to it, we arrive at a contradiction. 

Thus we obtain that the equations of motion of the theory with ’’external” time are equiv¬ 
alent to the Regge-Teitelboim equations, whose derivation used an arbitrary choice of time. 
The same result could also be obtained from geometric considerations. Indeed, the surface has 
a timelike tangent vector at its every point, therefore its arbitrary small deformations can be 
specihed by moving it along spacelike directions only. Consequently, increments of the action 
at arbitrary variations of y°‘ reduce to its increments at variations of only the components of 
y^, and the equations of motion coincide. 

4 The canonical formalism in ’’external” time 

In the previous section we have seen that using the ’’external” time does not change the equa¬ 
tions of motion of the theory. Let us now investigate the canonical formalism in ’’external” time 
for the Regge- Teitelboim formulation of gravitation, i.e., when the Einsteinian constraints are 
additionally imposed. To do that, we impose the condition (|2]) in the action written in the form 


obtained in [33] in which the dependence on y°‘ = doy°‘ is explicit. Let us note that, under the 
condition ([2|), the threedimensional spacelike submanifold = const of our space-time turns 
out to be embedded in the nine-dimensional flat space y^ = const. Therefore, for the second 
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fundamental form 6“^ of this submanifold (all quantities corresponding to it will be marked by 
3(^0) 3 

”3”) the relation bii^’ = 0 is valid, while for the projector IfLab to the space transversal to this 

3 3 

submanifold at a given point, hold the relations riL(°ko) = 1 and = 0. Using these facts, 

it is not hard to obtain the expression for the action in the form 


5= dx°L{y^,y^), L= d^x 


y^ Bab y 


B 


where 


B^^ = 2\/-g bt^bf^L 


o 3 3 

^ lA vB t ik,lm 


l + y^ IIlab 


-ik,lm _ ^ik^lm 

^ —99 


+ ^l + y^Il^ABy^ , (23) 


^il^km __j_ ^im^kl 


(24) 


The quantity used here coincides, up to a factor, with theWheeler-DeWitt superspace 

metric. 

Let us hnd the generalized momentum tia for the variable y^ from the action (j23|): 


TTa = 


6L 

6y^ 


Baf^X + -riA (Bg - n’^BFun") , 


(25) 


where 


n 


A 




(26) 


3 

Taking into account (|2^ and the properties of the quantity 6^, from the relation (|25|) we obtain 
three primary constraints 

= TTAcf = 0, (27) 

where ef = diy^. Let us suppose that, in addition to the constraints emerging in the usual 
way, there must be additionally imposed four Einsteinian constraints 


^ 0, (28) 

where n^ is the unit normal to the submanifold x^ = const, for which part of the components of 
the corresponding vector in the ambient space are specihed by Eq. fl26l) . Applying the condition 
fl21) to the expressions for these constraints presented in [33], we can write them down in the 
form 

^ {nAB^^nn - Bi) ^ 0 , W = -2^g It ^ 0 . ( 29 ) 

If we use the constraint BP in the relation (125|) . it takes the simple form 

TTa = BApn^- (30) 
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The quantity 


is unambiguously related to the transversal component of the velocity 




n 


\/l — n^UA 


7^. 


since the square of can be expressed in terms of by the relation 


(31) 


A Hlab 

n ua = -^- 

1 + y ^ Hlab 

The opportunity to express the transversal component of the velocity unambiguously in terms 
of n^, and hence in terms of the momentum tta, makes a difference of principle between the 
theory with a partly hxed gauge ([2]) from the approach without such hxing, because in the 
usual approach the vector is normalized to unity, and this leads to the emergence of one 
more primary constraint, see [33], which does not emerge in the case under consideration here. 
Using Eqs. fl26|) and fl30|) . it is easy to hnd that the Hamiltonian of the theory 



H 


(fx TTAy^ — L 


(33) 


turns out to be proportional to the constraint hence it is equal to zero in the weak sense. 
Therefore the generalized Hamiltonian reduces to a linear combination of the three constraints 
fl27|) and the four constraints fl29|) . It turns out to be convenient to consider, instead of the 
constraints W, the linear combination It will be shown below (see Section 5) 

that, as in the approach without using the condition ([2|), such a linear combination generates 
the transformations which are isometric bendings of the submanifold = const. Now the set 
of seven constraints will look as follows: <I>j, T* and T-L^. 

In the canonical formalism, the constraints should be expressed in terms of generalized 
coordinates and momenta. To bring them to the necessary form, we introduce a quantity 

3 3 

inverse with respect to in the following sense (note that the quantity Hla is a projector 
onto a 6-dimensional space): 


I>-'a bt = T7 {SA + SL4) . = nx? , 6-‘“ = b 


—1 ki 
A ’ 


(34) 


as well as a quantity inverse to 

i (hj1 - gulmk - kk 

As a result, we obtain the set of seven constraints 


(35) 


i>i = 7rxef, = 


1 3 

^ ^—1 ik 


I I ^A^i 

A ^ I TT e^. 


= 


3 ..3 / „ 3 3 

„Ai—l ik T 7—1 Im^B . “ lA rD ^ jiklm 

^ b Lik^lmb s TT \J 9 ^ik^lmVDAb^ , 


(36) 


10 







and the generalized Hamiltonian of the theory reduces to their linear combination: 


Hsen ^ j ^ ^ (37) 

using the ’’external” time. Note that without using the condition ([2]) there are eight constraints 
(see [33]). 


5 The algebra of constraints when using 
the ’’external” time 


To verify the closure of the algebra of constraints and to hnd its precise form, it is necessary 
to calculate the Poisson brackets of the constraints fl36l) with each other. To do that, it is 
convenient to pass on to convolutions of the constraints with arbitrary functions ^^{x)and^{x), 
introducing the quantities 


= / (fx^i{x)C{x)= I cPxnAefC-, = I {x) ^{x), 


5 . A M 


/O _ 


= / d^x ^\x)^i{x) = I d^xTT^ [b ViCk + ) • 


3^ / 7—1 ik 


(38) 


Their usage simplihes the calculations and makes it possible to write down the results in a 
more compact form. The calculations necessary for obtaining the Poisson brackets of the seven 
constraints (138|) with each other to a large extent repeat those performed in [33], therefore we 
here present them in rather a brief form. 

First of all, let us make clear the geometric meaning of the three constraints $*, and to do 
so, we calculate their action on the dynamic variables: 


i ^ f , (39) 

^ ‘ I v^i 

where {• • • } are Poisson brackets. This means that generates the transformation x* 

X* + ^*(x) of the three-dimensional coordinates on the surface of constant time (it should be 
noted that the generalized momentum 7r^(x) is a 3-dimensional scalar density). The same is 
also true in the approach without using the condition ([2]), see [33]. Since all the constraints 
(l36|) are tensor densities, one can immediately write down their action on the corresponding 
convolutions fl38D of the constraints 

{$ 5 , ^^^ = -jd^x h , ( 40 ) 




- / d^x T* 




(41) 


{l>^,?7°} = - j d^xn%^d,c. 


(42) 
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Further, let us make clear the geometric meaning of the three constraints 'hh It turns out 
that 


{I's, jisU)} = 0, 


( 43 ) 


This means that Tg generates isometric bendings of the 3-dimensional constant-time snbmani- 
fold. Since, dne to the condition ([2]) this snbmanifold is embedded in flat 9-dimensional space, 
the nnmber of the existing bending generators is three, which corresponds to the difference 
between the nnmber of ambient space dimensions and the nnmber of components in the 3- 
dimensional metric, i.e., six. Note that withont nsing the condition ([2]), the ambient space is 
10-dimensional, and the nnmber of generators of bendings becomes fonr, see [33]. Using fH3|) . 
after rather cnmbersome calcnlations it tnrns ont to be possible to hnd the resnlt of action of 
the constraint on itself and on 

1^5, Tc} = j Sx ¥ , (44) 




j d?x¥ 




where 



5tib 







( 45 ) 


( 46 ) 


To complete the algebra constrnction, it is also necessary to hnd the action of the constraint 
on itself. After one more cnmbersome calcnlation we obtain: 




A 


J 


ev^c - cv/e 1 + 


+T" ( - TT^BBAC^k 


3 / 


.C tjA 


R 


.C 6A, 


( 47 ) 


Thns the system of constraints tnrns ont to be closed: the Poisson brackets of the constraints 
with each other tnrn ont to be proportional to the constraints themselves. Eqs. flTU]) . fITTD . 
( 113 ), fin]) - fl47|) represent the obtained algebra of constraints in the Regge-Teitelboim 

formulation of gravitation nsing the ’’external” time, i.e., nnder partial gange hxing ([2|) in 
the action. It is nsefnl to note that the Poisson brackets of the three constraints T* with all 
constraints tnrn ont to be proportional to themselves, i.e., they form a snbalgebra which is an 
ideal. 


6 Comparison with the case of gauge fixing 
in the Hamiltonian formalism 

Let ns check whether the canonical formalism obtained in the previons sections for the Regge- 
Teitelboim formnlation of gravitation nsing the ’’external” time is reprodnced if one introdnces 
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partial gauge fixing ([2]) in the form of an additional condition in the canonical description of 
the theory with arbitrary time. This question requires a separate study because, unlike the 
examples considered in Section 2, a certain part of the constraints considered in the present 
approach (the Einsteinian constraints fl28|) l do not follow from the action but are imposed 
additionally. 

Let us write down the Hamiltonian of the theory with arbitrary time and the corresponding 
algebra of constraints, obtained in |33] (some misprints have been corrected in the relations 
presented). The Hamiltonian has the form of a linear combination 

= jd^x{X^^i +Ni¥ + + Non°) (48) 

of eight constraints: 




^a^ik I I 

Ola + TT e„. 


T" = 7r„n;“, = 


.. , q 3 3 

^a^ikj ^Imb . ^ fiklm 

TT Lik^lmOli, TT \J 9 ^ik^lmVab-L/ , 


where 


WaCi = 0, Wah^k = 0, \WaW'"\ = 1, 

o 3 1 

^ik _ ^ki ^ik _ n ^ik^,,a _ n ^ik va _ fx^i^k \ j:i j:k\ 

The algebra of constraints, written in terms of the convolutions 

= y d?x ^i{x) 71 ^ = J (fx'H^{x)^{x), 

= /” (T*(a;)^i(a:) + T'^(a;)^4(a;)) , 


has the form 


{««,«<} = - / <*» I ev.c‘ - cXe I, 


{®j, »c} = - / d‘x I eVi4 + QVkC ) + >1'“ ed,Q I . 




{®C. I'c} = y d?x (dyi^ %$,j) , 

{Sj, W”} = y iPx (<Sj/Jj 'I'.., <Sj/J,o - (St/Jo So, , 


(49) 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

(56) 

(57) 
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[nl ^?} = / Sy^^o - - g’^%) j • (58) 

Here we have used the differential operator 

= H-trai - 4'"^ (“fh + ei) ) V, (59) 

as well as the notations 


6y^^^{x) = {vh^, y^{x)} = 


dy^o{x) = {'H^^,y°-{x)} = S“%cC, (60) 


where 


Bac 



^ik^lm 


L 


ik,lm 


(61) 


In a similar manner to the way it was done in the examples of Section 2, we perform partial 
gauge hxing ([2]), introducing it as the additional condition y = ~ 0. It is easy to notice 

that the Poisson bracket between this condition and one of the constraints has the form 


{vl/4,^} =^(o). (62) 

As has been mentioned at the beginning of Section 4, if the condition ([2]) is satisfied, the 3- 
dimensiona submanifold = const turns out to be embedded in the 9-dimensional flat space 

y^ = const, whence it follows that e® = 0, = 0. In this case from (l50D in the generic 

situation it follows 


w^ = 0, = (63) 

Owing to that, one can conclude from fl6^ that and x form a pair of second-class constraints, 
and one can try to solve them by expressing in their terms the pair of conjugated variables 
y^, TTo- With dHS]), turning to zero of the constraint 4/^ means that tto = 0. Since the generalized 
momentum is equal to zero, a substitution of the values of variables to be eliminated, found by 
solving the constraints y, 4/^, to the first-order Lagrangian is equivalent to their substitution 
directly to the generalized Hamiltonian fl48D . Such a situation takes place, in particular, in 
the example from Section 2.1, whereas in the example from Section 2.2, for which after solving 
the constraint the momentum turns out to be nonzero, a direct substitution to the generalized 
Hamiltonian would give, as is easily seen, a wrong result. 

It is easy to verify that, as a result of a substitution of the values of y^ = x^, ttq = 0 found 
from the constraints y, 4/^, to the generalized Hamiltonian fl48l) one obtains the expression for 
the Hamiltonian in the form flTT)) . To do that, one should notice, by comparing Eqs. flT9D and 
that the constraints turn into the constraints respectively. At the 

comparison, it is necessary to take into account that if y^ = x^, then for the quantity 
determined from (l5TD one can write 


«;o)=0, 


= b 


— 1 ik 
A ’ 


(64) 
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see fl3^ . 

Further, one can verify that the algebra of constraints fl53l) - fl58p of the theory with arbitrary 
time, after explicitly solving the constraints y, turns into the algebra of constraints fl4UI) . 
dH]), fl42|) . (jHP, dlS]), fl47|) for the canonical formulation of the theory with ’’external” time, 
obtained in Section 5. To do that, it is necessary to use the relations which follow from a 
comparison of Eqs. fl60l) and fH6l) : 

(65) 

Thus, despite the emergence of some constraints ad hoc in the canonical formalism, a tran¬ 
sition to the ’’external” time by introducing the additional condition ((21) to the canonical de¬ 
scription of Regge- Teitelboim gravitation gives the same result as usage of the ’’external” time 
directly in the action, as has been done in Sections 4 and 5. In [33] it has been shown that if 
one considers the system dynamics under the fulhlled constraints T* and then it reduces to 
GR dynamics in the ADM formalism. Since the transition to ’’external” time corresponds to 
solving the constraint it follows that the external time dynamics of the Regge-Teitelboim 
formulation of gravity described in Sections 4 and 5, with the fulhlled three constraints T*, also 
reduces to GR dynamics. 

As a result of the above analysis of the equations of motion and the canonical structure of 
the Regge-Teitelboim formulation of gravitation, one can conclude that a transition from the 
internal time to the ’’external” time in the framework of a classical description does not 
change the physical content of the theory, corresponding to GR. The opportunity of working 
with ’’external” time can be further used in attempts to quantize the theory and at studies of 
the splitting theory [2], mentioned in the introduction, which is a variant of embedding theory 
which does not require the usage of space-time coordinates. 
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